Abstract By means of diffusion Monte Carlo calculations, we obtained the phase diagrams of a first and second layer of 4 He on graphene and on the outside of different isolated armchair carbon nanotubes with radii in the range 3.42 to 10.85 Å. That corresponds to tubes between the (5, 5) and (16, 16) in standard nomenclature. In both cases, the ground state is either a liquid (second layer on graphene and on nanotubes whose radii is greater than ∼7 Å) or an incommensurate solid (for thinner tubes). In the former case, upon a density increase, the system undergoes a first-order phase transition to another incommensurate solid. A study of the influence of the C-He potential (isotropic or anisotropic) on the phase diagrams is also presented.
Introduction
Adsorption of gases such as 4 He and para-H 2 on carbon surfaces like graphite at very low temperatures are typical examples of reduced dimensionality quantum systems [1] [2] [3] . Their corresponding phase diagrams are quite rich since one can observe stable commensurate solids of different type, liquid layers and incommensurate solids [4] . With the technological progress in the generation of new carbon structures a fascinating plethora of arrangements are now available for adsorption: nearly spherical surfaces (fullerenes) [5] , single-atom structures with two flat adsorption surfaces (graphene) [1] [2] [3] , a modified flat surface (graphane) [6] , and cylindrical setups with both inside and outside adsorption (nanotubes) [7] .
Quantum Monte Carlo methods have been recently applied to the theoretical study of adsorption of quantum gases on these new carbon structures, both at zero temperature by means of the diffusion Monte Carlo (DMC) method [1, 2] and at finite temperature using path integral Monte Carlo (PIMC) [3] . Unfortunately, we cannot compare these results with experimental data yet, but the accuracy achieved in the reproduction of the experimental phase diagram on 4 He on graphite using the same methodology gives us confidence on the quality of the results obtained so far. The main uncertainties in these microscopic approaches derive from the possible deficiencies in the adsorbate atom-surface interaction. In the first studies [8] [9] [10] 12] it was usual to work with a smoothed interaction that depends only on the distance of the atom to the carbon plane. However, this potential is not able to generate a satisfactory phase diagram because no corrugation is present. Instead, in more recent simulations an explicit account of the sum of all the carbon-helium interactions has been included [1, 17, 18] , making the resulting phase diagrams agree with available experimental data on graphite. In the present work, we further analyze the influence of the C-He interaction in the phase diagram by comparing the results obtained with two different potential models: an isotropic Lennard-Jones potential, used extensively in previous studies [13] , and the anisotropic interaction proposed by Carlos and Cole to obtain a better agreement with certain experimental measurements [14] .
In the next section, we briefly introduce the theoretical method used in our analysis and discuss the two pair potentials, isotropic and anisotropic. Section 3 contains the results obtained for the two interactions and in three different systems: the first and second layers of 4 He on graphene and the first layer of 4 He adsorbed on the external surface of a nanotube. Finally, the main conclusions are discussed in Sect. 4.
Method
The role of corrugation in the physical properties of adsorbed 4 He on carbon surfaces is analyzed by using the diffusion Monte Carlo (DMC) method. The DMC algorithm is nowadays a standard tool that provides exact results when solving the N -body Schrödinger equation for boson systems within some statistical errors. It does so by the introduction of an importance sampling strategy through a guiding wave function Ψ [15] . For the liquid phases studied in this work we have used
where the first part is a Jastrow wave function that depends on the distances r ij between each pair of 4 He atoms. The one-body term Φ(r i ) is a variational wave function describing the adsorption of a single atom on the carbon surface. The solid phases are simulated with the help of a Nosanow-Jastrow wave function. In this case, Ψ is the product of Ψ L (1) and of Gaussian terms that confine the 4 He atoms around the crystallographic positions (x I , y I ) of the two-dimensional solid arrangements we are interested in,
For the tube case, the confining takes place in all three dimensions, i.e., we have to add (z i − z I ) 2 to the exponential above. The variational parameters entering Eqs. (1), (2) are optimized for the different studied geometries by preliminary variational Monte Carlo calculations. In addition to the geometry of the system, phase, and atomic mass one needs to include accurate models for the interatomic potentials that appear in the Hamiltonian. The helium-helium interaction is accurately described by the semi-empirical Aziz potentials [16] . The interaction between 4 He and the adsorbing surface is rather well known but not with the accuracy nowadays achieved for the He-He potential.
In the first studies of adsorption on graphite [8, 12] , a smoothed interaction that approached the C-He pair interaction sum was used. However, more recent studies [1, 11, 18] substitute this integrated potential by explicit pair sums that, in practice, can be tabulated in a grid for an efficient use in the simulation. In this way, one recovers the experimental ground state and describes accurately the full experimental phase diagram [4] . In previous work [1, 2] , we have built the potential surfaces using an isotropic Lennard-Jones potential with parameters used in studies of 4 He adsorbed inside narrow nanotubes [13] . In spite of the fact that the phase diagram seems correctly described by central interactions it has been claimed that the corrugation produced by this model is incomplete. In order to better account for some effects which are more sensitive to corrugation, Carlos and Cole [14] proposed an anisotropic pair interaction that incorporates the dielectric anisotropy of the graphite substrate,
where θ is the angle between the surface normal and the vector distance r is between the 4 He atom and a particular C atom in the surface. The θ dependence of this potential (3) makes it deeper in the center of the carbon hexagons than in its sides, producing an increase of the corrugation effects.
Results
In Fig. 1 , we show the equations of state of the different phases of a first layer of 4 He on graphene. There, we displayed two sets of similar symbols. The upper ones correspond to simulation results obtained by using the isotopic form of the C-He potential [13] , while the lower symbols display the energies per particle derived from the use of the anisotropic potential [14] . We observe that both sets of data are very similar. For instance, for both potentials the ground state correspond to a √ 3 × √ 3 figure online) commensurate structure. However, the energy stabilization of the solid is boosted in the case of the anisotropic interaction. The density at which the energy per particle is lowest in a liquid arrangement in the last case is 0.0416 ± 0.0004 Å −2 and corresponds to −130.53 ± 0.01 K. The energy per particle for the √ 3 × √ 3 structure is −131.29 ± 0.02 K. This means that the difference between them is −0.76 K vs. −0.061 K for the isotropic potential [1] . We also observe that when the C-He potential is the anisotropic one that registered solid undergoes a phase transition to a 31/75 structure upon a density increase (full down triangles in Fig. 1 , energy per particle below that of an incommensurate structure at the same density) and after that to a 3/7 commensurate solid (full circles in the same figure) . A further compression takes the system to a triangular incommensurate structure from 0.088 Å −2 up. This is at odds to what happens when the same phase diagram is calculated with an isotropic substrate-helium interaction. There, the transition is directly from a √ 3 × √ 3 solid to an incommensurate structure of density 0.08 Å −2 .
It is worth mentioning that a recent PIMC simulation of the first 4 He layer on graphene at finite temperature [3] showed different results on the superfluidity of the registered √ 3 × √ 3 phase depending on the pair interaction. In particular, Ref.
[3] predicts the suppression of superfluidity in this commensurate solid with vacancies when the anisotropic interaction is used instead of the isotropic one. We have investigated this effect using DMC, and contrarily to what obtained in Ref. [3] , we do not observe any significant difference when one potential is substituted by the other: our results with the anisotropic interaction are the same than the ones reported in Ref. [17] .
If instead of considering the phase diagram for the helium layer closest to graphene, we consider what happens to a second helium sheet on top of it, one expects the influence of the particular C-He interaction to be greatly reduced. This is basically due to the overall reduction of the C-He interaction for atoms on the second layer. This is exactly what we can see in Fig. 2 . There, we display the energy per particle in the case of a first solid 4 He layer and a second liquid layer of helium on top of a triangular solid whose density is the adequate to minimize the total energy per particle of the entire arrangement (0.115 Å −2 ). What we see is that when the helium density increases, the effect of the anisotropy in the C-He interaction decreases, both in the first and second layers. This can also be seen in the high density end of Fig. 1 . In any case, the small differences in the energy per particle for both potentials play no role in the promotion density to the second layer (0.113 ± 0.001 Å −2 ) or to the beginning of the formation to a second layer liquid (0.163 ± 0.005 Å −2 ) [19] . These limit densities were obtained from a double-tangent Maxwell construction and compare favorably with the experimental ones on graphite [20, 21] .
If the underlying carbon surface is curved, as in the case of carbon nanotubes, the phase diagram of helium changes with respect to graphene. In Fig. 3 , we see the example of the case of a (10, 10) nanotube, to be compared with Fig. 1 . There, the full circles correspond to the wrapped up version of a √ 3 × √ 3 structure, and both in the isotropic (lower set of symbols) and anisotropic (upper set of symbols) cases their energies are higher than the liquid energies at the same density. In the isotropic case, we can see also that the minimum energy per particle for the liquid (open squares) and incommensurate solid (full squares, a phase formed by rings of helium atoms whose plane is perpendicular to the main axis of the tube) are similar to each other. In fact, as it can be seen in Table 1 , both energies are within each other error bars. However, for tubes whose radius is lower than the corresponding to a (10, 10) one, the lowest energy per particle correspond to an incommensurate solid (the (8, 8) case is displayed as an example). On the other hand, the opposite happens for wider radii, of which the (12, 12) is chosen as a representative. In that last case, the ground state Table 1 Energies per particle (e g ) and equilibrium 4 He densities (ρ g ) for liquid helium phases for different tubes. The error bars affect to the last figure shown and are given in parenthesis. When the ground state is an incommensurate solid, the density for which the energy per particle is minimum is given as ρ l . If the ground state is a liquid, the lowest density for which the incommensurate solid is stable, obtained from a Maxwell construction is given instead and is also displayed under the ρ l column. ρ u is the upper helium density for which the liquid is stable for the tube whose ground state is a liquid of helium on a carbon nanotube will be a liquid, whose upper stability limit is listed also in Table 1 as ρ u . There, ρ l means the lowest density for which the solid is stable. For a (16, 16) tube, the values are similar to those for the (12, 12) one [22] . All the results given in Table 1 are for an isotropic potential. In Fig. 3 , we can see that for the (10, 10) tube, the use of an anisotropic potential has two main effects in the phase diagram: (i) the solid structure is stabilized with respect to the isotropic potential (this is exactly what happened with the graphene case discussed above), and (ii) the energy per particle increases with respect to the isotropic interaction. A similar calculation carried out for the (5, 5) cylinder, indicated that the solid stabilization is also seen in that tube for the anisotropic version of the potential. In that case, the energy per particle at for the incommensurate solid when the pressure equals zero goes from −96.10 ± 0.03 K (isotropic potential) to −87.76 ± 0.05 K (anisotropic one), from a density ∼ 0.061 ± 0.01 Å −2 in both cases.
Conclusions
We have carried out extensive diffusion Monte Carlo calculations to obtain the phase diagrams of 4 He adsorbed on different graphene surfaces. We found that both for a second layer of helium of graphene and for a first layer on the curved surface of a nanotube, the ground state is a liquid, providing that the carbon cylinder is big enough. Those results do not depend on the isotropic or anisotropic nature of the CHe pair interaction. However, when we used the Carlos and Cole [14] potential, we found that the first layer solids are stabilized with respect to a liquid phase. This is true both for the carbon nanotube case and for graphene.
